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Abstract
In this report, the regularity conditions at the center for static spherically symmetric (SSS) solu-
tions of the Einstein equations coupled to nonlinear electrodynamics (NLE) with Lagrangian L =
L(F), depending on the electromagnetic invariant F = Fµν Fµν/4, are established. The traceless
Ricci (TR) tensor eigenvalue S, the Weyl tensor eigenvalue Ψ2 and the scalar curvature R charac-
terize the independent Riemman tensor invariants of SSS metrics. The necessary and sufficient reg-
ularity conditions for electric NLE SSS solutions require limr→0{Ψ2, S,R} → {0, 0, (0, 4Λ+4L(0))},
such that the metric function Q(r) and the electric field q0Frt =: E behave as {Q, Q˙, Q¨} → {0, 0, 2}
and {E , E˙ , E¨} → {0, 0, 0}, as r → 0. The general linear integral representation of the electric NLE
SSS metric in terms of an arbitrary electric field E , together with {Ψ2, S,R}, is explicitly given.
Moreover, beside the regular or singular behavior at the center, these solutions may exhibit differ-
ent asymptotic behavior at spatial infinity such as the Reissner–Nordtro¨m (Maxwell) asymptotic,
or present the dS–AdS or other kind of asymptotic.
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I. INTRODUCTION
In our previous publication [1] dealing with a static spherically symmetric (SSS) metric
in the framework of the Einstein–nonlinear electrodynamics theory, it was established that
a linear superposition principle of solutions of different kinds holds. In this report we focus
mostly in the determination of the conditions under which a SSS metric is regular (singular–
free) at the center (origin of coordinates).
Nowadays “black hole” has become a term of everyday use; in cinema, television pro-
grams, and internet, there are shown scenes about the evolution, collapse, interaction of
black holes, emission of jets of energy, using the resources of numerical mathematical sim-
ulation and the abilities of the multimedia professionals. In spite of the large theoretical
progress, and astrophysical advances in the black hole physics there still remain some incog-
nita about their final singular stage, if any, as predicted by the theory, or, on the contrary,
they exhibit a regular behavior allowing to avoid the singular catastrophe. The determina-
tion of the regularity conditions is the problem we posed in this report for a certain kind of
metrics, namely, the static spherically symmetric spacetimes.
The most famous black holes are described by the static spherically symmetric (SSS)
Schwarzschild solution [2], the first exact solution derived in 1916 for a point mass m, and
the stationary axial symmetric Kerr solution [3], 1963, for a rotating mass. The charged
point mass solution was reported by Reissner [4], 1916, and Nordstro¨m [5], 1918, while the
charged rotating mass black hole solution was reported by Newman and collaborators [6].
Vacuum and Maxwell charged black hole solutions are all singular at the center.
Oppenheimer et al. [7], and [8], at the end of the 30’s studied the collapse of a massive
spherically symmetric star and came to the conclusion that in the process (time dependent)
of approaching to its critical surface, the star will increase indefinitely its curvature, and
that the light radiated by an imploding star will be red–shifted, and, as it reaches its criti-
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cal radius, the redshift will become infinite and the star will disappear from the observer’s
sight; it becomes black behind the event horizon. The static spherically symmetric repre-
sentation of the Schwarzschild metric exhibits an “apparent singularity” or a “Schwarzschild
singularity” at the Schwarzschild radius r = 2m; various attempt were done, by means of
new coordinates, to remove the “apparent singularity.” A real success was achieved by the
introduction of null coordinates by Finkelstein [9], 1959, Kruskal [10], 1960, and Szekeres
[11], 1960, for the maximal extension of the Schwarzschild metric and the interpretation of
the Schwarzschild radius as the surface bound to the event horizon. Later, in 1963, Kerr
reported his rotating black hole solution; this discovery catapulted a period of intense ac-
tivity in the field of black hole theory. To get an insight into black holes Penrose introduced
spinors in the description of spacetimes, 1960 and 1972, see [12], and developed the so called
Penrose diagram procedure. Hawking [13] in the beginning of the 70’s, formulated the ther-
modynamics of black holes. Meanwhile, in differential geometry various tools become of
common use. Newmann and Penrose introduced in general relativity their tetrad formalism.
Petrov [14], published the algebraic classification of the Riemman and Weyl tensors which
allows a deeper understanding of the algebraic spacetime structures. Pleban´ski [15], 1964,
reported the classification of the energy–momentum tensor.
It was only until recently that regular black holes erupted in the scene in a formal way
supported by the nonlinear electrodynamics (NLE). Ayo´n–Beato and Garc´ıa published the
first regular static spherically symmetric charged solution [16] described in terms of NLE
potentials; this contribution caused a big impulse in the study of regular solutions in Einstein
gravity; these authors also found the nonlinear electrodynamics source (magnetic potential)
[17] to the Bardeen model [18] reported in 1968; the first metric structure fitting the tensor
energy conditions exhibiting curvature regularity everywhere.
Born and Infeld (BI) [19], 1934, formulated nonlinear electrodynamics to provide the elec-
tron with a spatial environment supporting a charge with finite self–energy. Pleban´ski [20],
1970, published a generalization of the BI NLE. Later Garc´ıa, Salazar, and Pleban´ski [21]
reported all Petrov type D solutions to Einstein–Born–Infeld electrodynamics allowing for
stationary and axial symmetries, among them the static spherically symmetric solution;
they also developed NLE allowing for duality rotations [22] and studied the birefringence
properties of the theory [23]. Fradkin and Tseytlin [24], and Gibbons and Rasheed [25]
established that BI–NLE arises at the low energy limit of the string theory; this fact leads
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to a renewed interest on BI–NLE. In the last decade various families of the SSS solutions of
Einstein–NLE equations have been reported (the number of articles is large), and attempts
to derive regular stationary rotating solutions have been undertaken by various researchers
without notorious successes.
In Einstein theory to establish the regularity of solutions one analyzes the behavior of
the Riemann tensor invariants of the gravitational field; it is well–known that, in general,
a pseudo Riemannian spacetime possesses 14 independent curvature invariants, see Thomas
[26], Weinberg [27], and, for a more recent and complete work, see Zakhary and McIn-
tosh [28]. Among these invariants one finds the widely known and commonly evaluated
Kretschmann quadratic Riemann scalar RαβγδR
αβγδ and the quadratic Ricci RαβR
αβ invari-
ant; RαβγδR
αβγδ = CαβγδC
αβγδ+2RαβR
αβ−1
3
R2. The decomposition of the Riemann tensor
into its Lorentzian irreducible parts gives rise to the conformal Weyl (CW) tensor Cαβγδ, the
traceless Ricci (TR) tensor Sαβ, and the scalar curvature R. Petrov classification gives a full
account of the invariant properties of the CW tensor, see [29]. Pleban´ski classification [15]
deals with the algebraic properties of Sαβ. The first step in the study of the regularity of
solutions is the analysis of the invariant properties of the TR tensor Sµν = R
µ
ν−Rδµν/4 due
to its relation with the energy–momentum (EM) tensor T µν , namely, S
µ
ν = T
µ
ν − Tδµν/4.
Next, one establishes the conditions that allow for regularity of the CW tensor invariants
and finally, the behavior of the scalar curvature. For the SSS metric there are only three
independent Riemann curvature tensor invariants; the CW tensor eigenvalue Ψ2, the TR
tensor eigenvalue S, and the scalar R.
This article is organized as follows: Section II is devoted to the general description of NLE.
In section III, the Einstein–NLE equations for a SSS metric are derived explicitly together
with the Ricci eigenvalue S, the scalar curvature R, and the Weyl Ψ2 invariant. In section
VI, see V too, the conditions for the regularity at the center of an electric NLE SSS metric are
established and a theorem is formulated: Regular NLE SSS electric solutions, characterized
by the Riemanian invariant behavior lim→0{Ψ2, S, R} → {0, 0, (0, 4Λ+ 4L(0))}, are regular
at the center r = 0, if and only if (necessary and sufficient) the metric function Q(r) and
the electric field q0Frt =: E behave as {Q, Q˙, Q¨} → {0, 0, 2} and {E , E˙ , E¨} → {0, 0, 0}, as
r → 0, i.e., the electric field and its first and second order derivatives vanish at the center
where the metric asymptotically approaches to the flat or conformally flat de Sitter–Anti de
Sitter (dS–AdS) spacetimes. Section IX deals with the study of weak and dominant energy
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conditions for electrically charged NLE SSS metrics, the relation Lagrangian–energy density
at the center L(0) = µ(0) is established. In section X the linear superposition of SSS electric
solutions of the Einstein–NLE equations is studied in detail. Section XII deals with magnetic
metrics characterized by a singular magnetic field invariant and (possible) regular curvature
invariants. In section XIIA the general linear superposition property of the Einstein–pure
electric and pure magnetic–solutions is shown. This article ends with some Final Remarks.
II. GENERAL NONLINEAR ELECTRODYNAMICS
We follow the standard notation and conventions presented in [29]. Electrodynamics of
any kind are constructed on the electromagnetic anti–symmetric field tensor Fµν and its
dual tensor F ⋆αβ
Fµν = 2A[ν,µ], F
⋆
αβ = ǫαβµνF
µν , (1)
where ǫαβµν is the totally anti-symmetric Levi–Civita pseudo–tensor. These tensors deter-
mine the invariants F and Gˇ, namely
F = FµνF µν/4, Gˇ = FµνF ⋆µν/4. (2)
The Einstein gravitational theory coupled to a general nonlinear electrodynamics is derived
from the Riemann–Hilbert action constructed with the curvature scalar R, the Lagrangian
L = L(F , Gˇ), and a Λ–term, if any,
S =
∫ √−g(R− L− Λ)d 4x. (3)
The Einstein equations arising from the variation of this action are
Eµν := R
µ
ν − R δµν/2 + Λ δµν − κT µν = 0, (4)
where the energy–momentum electromagnetic tensor, for L(F , G˘), is given by
Tµν = −L gµν + dL
dF FµσFν
σ +
dL
dGˇ FµσF
⋆
ν
σ. (5)
The electromagnetic field equations are:
the Bianchi identity
F[µν, λ] = 0 ≡ F ⋆µν ;ν = 0, (6)
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and the field equations
(
dL
dF F
µν +
dL
dGˇ F
⋆µν);ν = 0
≡ [√−g( dL
dF F
µν +
dL
dGˇ F
⋆µν)],ν = 0. (7)
In this work we shall restrict the study to the case L = L(F); the derivative of L with respect
to F is denoted by LF := dLdF . Recall that Maxwell theory is based on a linear relation
between the Lagrangian L and the electromagnetic invariant F = FµνF µν/4, such that
L = F ⇒ LF = 1 in the whole spacetime. For physically relevant nonlinear electrodynamics
one may impose on L and F the Maxwell weak field limits or “Maxwell asymptotic”:
L → F , LF → 1, for smallF , (or asF → 0), (8)
in agreement with Born and Infeld [19], see also [22], i.e., in a weak field limit F : FNLE → F ,
and LNLE → L, such that L → F ; LF → 1. Moreover, the NLE theory ought to fulfill the
energy conditions: the local energy has to be positive and the energy flux has to be carried
by a timelike four vector.
III. EINSTEIN–NLE EQUATIONS FOR A STATIC SPHERICALLY SYMMET-
RIC METRIC
In this section, for a SSS metric, we derive the Einstein equations coupled to NLE de-
termined for a Lagrangian L depending on the electromagnetic invariant F . Also the cur-
vature invariants for the SSS metric are determined explicitly. The SSS metric, restricted
only to electrodynamics or vacuum due to the generalized Birkhoff theorem, can be given
in Schwarzschild coordinates {θ, r, φ, t} by
ds2 = r2dθ2 +
r2
Q(r)
dr2 + r2 sin2 θ dφ2 − Q(r)
r2
dt2. (9)
The Einstein equations coupled to a matter field tensor Tµν and a cosmological constant Λ,
κ = 1, are
Eµν := Gµν + Λ gµν − Tµν = 0. (10)
The evaluation of the Einstein tensor Gµν , and the curvature scalar R, for the metric (9),
yields
Gµν = G
θ
θ
(
δµθ δ
θ
ν + δ
µ
φ δ
φ
ν
)
+Gtt
(
δµr δ
r
ν + δ
µ
t δ
t
ν
)
,
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Gθθ =
1
2
Q¨
r2
− Q˙
r3
+
Q
r4
, Gtt =
Q˙
r3
− Q
r4
− 1
r2
,
R =
2
r2
− Q¨
r2
, Q˙ :=
d
dr
Q, (11)
where by means of “ ˙ ” is denoted the derivative with respect to r, ˙= d
dr
. It allows, from the
point of view of the eigenvalue problem, for two different double eigenvalues λθ = λφ = G
θ
θ =
Gφφ, and λr = λt = G
t
t = G
r
r. Thus the related energy–momentum tensor may describe
electrodynamics, see for instance Lichnerowicz [30]. Another way to arrive at this conclusion
is by means of the search for the eigenvalues of the traceless Ricci tensor Sµν = R
µ
ν − R4 δµν ,
which amounts to
Sµν = S
(
δµθ δ
θ
ν − δµr δrν + δµφ δφν − δµt δtν
)
,
S =
Q¨
4 r2
− Q˙
r3
+
Q
r4
+
1
2 r2
, (12)
(Sµν) = S diag (1,−1, 1,−1). Remarkable is the relation Gθθ − Gtt = 2S . Therefore,
according to the Pleban´ski [15] classification of matter tensors; this algebraic structure cor-
responds to electrodynamics, [(11)(1, 1)] ∼ [2 S − 2 T](11), no matter if it is nonlinear or
linear (Maxwell), see also, Stephani et al. [29], Chapter 5, and Chapter 13, §13.4. Con-
sequently, static spherically symmetric metrics of the form (9) allow, besides the vacuum
with Λ solutions, [(111, 1)] ∼ [4 T](1), only electrodynamics solutions to Einstein equations
coupled to linear [30] (Maxwell) or nonlinear electrodynamics [15].
In a certain sense, we are facing a theorem of uniqueness of classes of electrodynamics
solutions; for each electromagnetic invariant Lagrangian L, related to the electromagnetic
invariant F , the solution is unique. Due to the established existence of two double eigenval-
ues different in pairs there is no room for fluids; any attempt to accommodate in the above
Schwarzschild metric (9) other kind of fields, different from electrodynamics or vacuum, is
spurious, although in the literature one finds ”solutions”–let us call them better space–time
models–for anisotropic fluids. This is the reason why we avoid to use the fluid terminology
in a place where there is no room for it.
A. Nonlinear electrodynamics for L(F)
This metric structure allows for an energy–momentum (EM) tensor Tµν associated to
the electromagnetic field (EF) tensor Fµν , Fµν = 2A[µ,ν]. For Einstein–NLE equations with
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L(F), the only non vanishing EF components are the electric Frt and magnetic Fθφ fields,
therefore the electromagnetic field tensors are
Fµν = 2Frtδ
r
[µδ
t
ν] + 2Fθφδ
θ
[µδ
φ
ν] (13)
F µν = −2Frtδµ[rδνt] + 2 Fθφ
r4 sin2 (θ)
δµ[θδ
ν
φ]. (14)
Consequently, the electromagnetic invariant F = FµνF µν/4 is given by
F = −1
2
(Frt)
2 +
1
2
(Fθφ)
2
r4 sin2 (θ)
= Fe + Fm,
Fe = −1
2
(Frt)
2 , Fm = 1
2
(Fθφ)
2
r4 sin2 (θ)
. (15)
The Bianchi identities F[µν;α] = 0 and the EF equations,
(
dL
dF F
µν);ν = 0⇒ (
√−gLFF µν),ν = 0
≃ ∂
∂xν
(
r2 sin θLF F µν
)
= 0, (16)
where dL
dF
=: LF , lead to the electric field equation
LF Frt = −q0
r2
, Fe = −1
2
(Frt)
2 , (17)
where q0 is a constant related with the electric charge, and to the magnetic field equation
Fθφ = h0 sin θ, Fm = 1
2
h20
r4
, (18)
where h0 is a magnetic constant. Moreover, the electric field equation (17) can be given
alternatively as
Frt(r
2 dL
dr
− q0 d
dr
Frt)− 2q0h
2
0
r5
= 0. (19)
The EM tensor T µν and its trace T can be given as
T µν =
(
−L + LFh20/r4
) (
δµθ δ
θ
ν + δ
µ
φδ
φ
ν
)
−
(
L+ LFFrt2
) (
δµr δ
r
ν + δ
µ
t δ
t
ν
)
,
T := Tµ
µ = −4L+ 4LF (Fe + Fm) , (20)
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from where it is apparent that its eigenvalues fulfill λθ = λφ, and λr = λt, see [30].
Notice that in the general electromagnetic (dyonic) case the derivative dL
dF
= dL
dr
/dF
dr
,
−dF
dr
= Frt
dFrt
dr
+ 2
h2
0
r5
, which makes the Einstein equations quite involved.
The nontrivial components of the Einstein–NLE equations are Err = E
t
t and E
θ
θ = E
φ
φ ,
hence the Einstein equations reduce to
Ett =
Q˙
r3
− Q
r4
− 1
r2
+ Λ + L+ dL
dF (Frt)
2 = 0,
Eφφ =
Q¨
2 r2
− Q˙
r3
+
Q
r4
+ Λ+ L+ dL
dF
h20
r4
= 0, (21)
Using the EF equation LF Frt = −q0/r2, one may isolate, via subtraction, q0Frt and L as
q0 Frt (r) = −Q¨
2
+ 2
Q˙
r
− 2 Q
r2
− 1 + h
2
0
r2
LF ,
L(r) = − Q¨
2r2
+
Q˙
r3
− Q
r4
− Λ + h
2
0
r4
LF . (22)
to determine Frt(r), L(r), and the structural function Q(r).
The EM conservation equation T µν ;ν = 0 leads to the condition
r2
d
dr
L(r)− d
dr
(q0Frt (r)) + 2
h20
r3
LF = 0, (23)
which becomes an identity–Bianchi identity–by using the Einstein equations (22). The sub-
stitution of q0Frt and L from (22) into (19) gives the differential equation of (17) multiplied
by 2h20/r
3, therefore, the only differential equations to be integrated are the (22) ones.
B. Euler equations and their solutions in electric NLE for given E = q0Frt
The Einstein–NLE field equations (22) can be analyzed from the point of view of Euler
equations for the function Q(r). These equations, in the electric case, can be written as
DfQ :=
(
r2
d2
dr2
− 4r d
dr
+ 4
)
Q = −2r2 − 2r2q0 Frt,
DLQ :=
(
r2
d2
dr2
− 2r d
dr
+ 2
)
Q = −2r4Λ− 2r4L. (24)
Each one of these equations is a non homogeneous Euler equation. The solutions of a
homogeneous Euler equation are searched as power of r, i.e., rk. The solution for the non–
homogeneous Euler equation is determined by using the method of variation of parameters
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[44]. For instance, considering the field Frt as a given function, one integrates the first Euler
equation for Q, with homogeneous solutions proportional to r4 and r, namely C1r + C4r
4,
via the variations of parameters, arriving at the general linear integral solution
Q(r) = QK +Q(E), E(r) := q0 Frt (r) ,
Q(E) := −2
3
r4
∫ E (r)
r3
dr +
2
3
r
∫
E (r) dr,
QK := r
2 − 2m r − Λe
3
r4,Λe = Λ + L(0). (25)
The constants have been chosen as C1 = −2m and C4 = −Λe/3, where Λe = Λ + L(0),
hence Λe stands for an effective Λe–term; for correspondence with the vacuum plus cos-
mological constant Λ–Kottler solution [33], Λe = Λ. In this parametrization, the function
QK corresponds to the Kottler–like solution to vacuum plus cosmological constant Einstein
equations, i.e., the “Schwarzschild–de Sitter–Kottler” solution, where the parameter m can
be thought of as the “Schwarzschild mass”.
The corresponding Lagrangian function L , arising from the substitution of Q(r) from
(25) into (24) amounts to
L(E) = L(0) + 2
∫ r
0
E(r)
r3
dr +
E(r)
r2
, (26)
where it has been replaced Λe − Λ by L(0). The integral is assumed to be definite; for an
indefinite integral one has
L(E(r)) = 2
∫ r E(x)
x3
dx+
E(r)
r2
. (27)
For regular solutions, lim→0 S(= −E(r)r2 ) → 0, the integration constant L(0) =
∫ 0 E(r)
r3
dr–
meaning integral evaluated at zero.
We shall see in the subsection V, and section IX, related with the regularity conditions,
that the electrodynamics trace–curvature scalar relation (52) at the center gives rise to the
L(0) constant.
Finally, still talking about the integration process for electric NLE solutions, there exist
another alternative approach related with the electric field equation, or, equivalently, with
the energy–momentum conservation equation (23). In the electric case, the substitution of
a given function L = L(F) into the electric field equation,
LFFrt = −q0/r2,
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taking into account that F = −Frt2/2, leads a relation between Frt and r, in general a
transcendent one; thus, being lucky, one gets explicitly q0Frt = E(r) as a function of r.
Next, the substitution of this E(r) into (25) gives the metric function Q(r).
IV. THE THREE CURVATURE INVARIANTS OF THE SSS METRIC: S, Ψ2,
AND R
It is known that the necessary and sufficient regularity conditions of an arbitrary space-
time are determined by the regular behavior of its curvature invariants everywhere in the
whole spacetime. In this article we focus on the second order curvature invariants. Lake and
Musgrave [31] studied the regularity of static spherically symmetric, cylindrically symmet-
ric and plane symmetric spacetimes at the origin; although a set of specific invariants was
evaluated for each class, the authors acknowledged in §2 that “...the invariants associated
with the metric (1) can be evaluated relatively quickly, whereas they are too cumbersome
to reproduce here in their entirety.”
Later, in 1997, Zakhary and McIntosh [28] determined a complete set of independent
curvature invariants for spacetimes of Lorentzian signature; in the abstract of their 43 pages
publication, one reads: “There are at most 14 independent real algebraic invariants of the
Riemann tensor in a four dimensional Lorentzian space. In the general case, these invariants
can be written in terms of four different types of quantities: R, the real curvature scalar,
two complex invariants I and J formed from the Weyl spinor, three real invariants I6, I7
and I8 formed from the trace-free Ricci spinor and three complex mixed invariants K, L
and M .” Moreover, in section 10, these authors reviewed previously reported (incomplete
as a consequence of ZM [28]) sets of Riemann invariants. The ZM set of invariants, [28](84),
beside the scalar curvature R, in terms of the Weyl spinor ΨABCD and traceless Ricci spinor
ΦABC˙D˙, are defined as follows:
I =
1
6
ΨABCDΨ
ABCD,
J =
1
6
ΨABCDΨ
CD
EFΨ
EFAB,
I6 =
1
3
ΦABC˙D˙Φ
ABC˙D˙,
I7 =
1
3
ΦABC˙D˙Φ
B
E
D˙
F˙Φ
AEF˙ C˙ ,
12
I8 =
1
6
ΦABC˙D˙Φ
B
E
C˙
F˙ Φ
AGH˙D˙ΦEG
F˙
H˙
+
1
6
ΦABC˙D˙Φ
B
E
C˙
F˙Φ
AGH˙F˙ΦEG
D˙
H˙ ,
K = ΨABCDΦ
CD
E˙F˙Φ
ABE˙F˙ . (28)
The spinorial formulation of the general relativity theory was done by Penrose and Rindler
[12], for a brief description of spinors see [29], Chapter 3.
Recently, Torres and Fayos [32] studied the regularity of Kerr-like black holes of Petrov
type D. Based on a theorem by Zakhary and McIntosh [28], they formulated their Proposi-
tion 3: “ The algebraically second order set of invariants for a Petrov type D spacetime and
Segre type [(1, 1)(11)] is {R, I, I6, K},” where, in tensorial description, these quantities are
defined as:
R = Rαα,
I6 =
1
12
Sα
βSβ
α,
I =
1
24
C˜αβγδC˜
αβγδ, ⋆Cαβγδ := ǫαβµνC
µν
γδ,
C˜αβγδ :=
1
2
(Cαβγδ + i⋆Cαβγδ),
K =
1
4
C˜αβγδS
αδSβγ. (29)
For a Petrov type D, I3 = J2, and a non isotropic electromagnetic field, these invariants
become:
R = Rαα,
I6 = CI6 S
2,
I = CI Ψ2
2,
K = CK Ψ2 S
2. (30)
where CT , T = {I6, I,K} stand for numerical coefficients, whose specific values depend on
the adopted conventions.
Summarizing, one arrives at the proposition: The necessary and sufficient conditions for
the regularity at the center of a Petrov type D spacetime coupled to a non–null electro-
magnetic field of Segre type [(11)(1, 1)] are determined by the finiteness of the independent
eigenvalue Ψ2 of the Weyl tensor matrix, the eigenvalue S = Φ11/2 of the traceless Ricci
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tensor matrix, and the curvature scalar R. In particular this proposition holds for the stud-
ied here static spherically symmetric metric, which is always of Petrov type D and allows
for NLE with electromagnetic field of Segre type [(11)(1, 1)].
We make use of the null tetrad formalism to determine the curvature Weyl and traceless
Ricci tensor quantities for the SSS metric described as
g = 2e1e2 − 2e3e4 = gabeaeb, ea = eaµ dxµ, (31)
e1
e2

 =
1√
2
(r dθ ± i r sin θdφ) ,
e3
e4

 =
1√
2

 r dr√
Q(r)
±
√
Q(r)dt
r

 ,
The tetrad transformation matrix is given by (haµ) = ([e
a
µ]), a = 1, 2, 3, 4, and µ =
{θ, r, φ, t}, in a row arrangement.
The invariant characterization of the algebraic properties of the gravitational–matter field,
as it has been widely detailed above, begins with the determination of the eigenvalues of
the TR tensor Sµν . In the studied case S
µ
ν amounts to (S
µ
ν) = S diag(1,−1, 1,−1) =
diag(λθ, λr, λφ, λt), where
S =
Q¨
4 r2
− Q˙
r3
+
Q
r4
+
1
2 r2
= 2Φ11 = S12 = S34
=
1
2
LF
(
F 2rt +
h0
2
r4
)
= − q0
2 r2
Frt +
1
2
LF h
2
0
r4
. (32)
For the SSS metric, the Weyl curvature invariant C2 := CαβγδCαβγδ amounts to C2 = 48Ψ22,
where the Weyl tetrad coefficient Ψ2 is given by
−12 r4Ψ2 = r2Q¨− 6 r Q˙ + 12Q− 2 r2. (33)
From the point of view of Petrov classification, the Ψ′s are related to the eigenvalues λ of
the eigenbivector equation CabcdX
cd = λXab, λ1 + λ2 + λ3 = 0. According to the Table 4.2
of [29], the studied metric is of Petrov type D, with eigenvalues λ1 = λ2 = −2Ψ2, while the
remaining Ψ′s vanish.
The scalar Riemann curvature R is given by
r2R = 2− Q¨, R = 4L − 4LF (Fe + Fm) + 4Λ. (34)
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The independent curvature invariants for this SSS metric can be given explicitly as
I6 =
1
12
SαβS
αβ = 3S2, 2Φ11 = S,
I = 1
24
CαβγδC
αβγδ = 2Ψ22,
K = 1
4
CαβγδS
αδSβγ = 4Ψ2 S
2. (35)
Incidentally, the invariants Ψ2 and S can be considered as “square roots” of the quadratic
curvature invariants I6 and I. The Kretschmann quadratic Riemannian invariant
RαβγδR
αβγδ = CαβγδC
αβγδ + 2SαβS
αβ +
1
6
R2 (36)
for the SSS metric becomes
RαβγδR
αβγδ = 48Ψ22 + 8S
2 +
1
6
R2. (37)
Therefore, we succeeded to shift the Riemann invariants’ characterization for static spher-
ically symmetric spacetime coupled to NLE fields (of Segre type [(1, 1)(11)]) to a linear
characterization in terms of a simple set of three invariant functions, namely the eigenvalue
of the Weyl conformal tensor matrix, the eigenvalue of the traceless Ricci tensor matrix,
and the curvature scalar, {Ψ2, S, R}. These three invariant functions depend linearly on
the single metric function Q(r) = −r2gtt and its first and second order derivatives. Be-
cause of their general character, they constitute an efficient tool for the determination of
general properties of classes of spacetimes. Notice that the quadratic Riemann invariant,
RαβγδR
αβγδ, one of the four Riemannian invariants, is just in the studied case the sum of
the squares of Ψ2, S, and R, modulo positive numerical factors. Consequently, it is more
easy to evaluate and extract information from {Ψ2, S, R} than from the single Kretschmann
quadratic Riemannian invariant, which, in any case, will provide partial information.
V. REGULARITY OF {Ψ2, S, R}; FIRST APPROACH
In this section we shall establish the necessary and sufficient conditions for the regularity
of the curvature invariants {Ψ2, S, R} given as
4r4S = r2 Q¨− 4r Q˙ + 4Q+ 2r2, (38)
−12 r4Ψ2 = r2Q¨− 6 r Q˙ + 12Q− 2 r2, (39)
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r2R = 2− Q¨. (40)
First let us analyze the behavior of the metric function Q(r). Assuming the finiteness of
curvature scalar R at the center r = 0, R(0) = FQ, where FQ stands for finite quantity,
the equation (40), as r approaches to zero, becomes
0 = 2− lim
r→0
Q¨ ⇒ Q¨(0) = 2. (41)
Next, the finiteness of the traceless Ricci tensor eigenvalue S, (38), and the Weyl curvature
Ψ2, (39), at zero, yields to
lim
r→0
Q = 0⇒ Q(0) = 0. (42)
A functionQ(r), fulfilling these limiting conditions, which is also a solution of the R–equation
for vanishing R = 0, 0 = 2− Q¨(r), is given by
Q(r) = r2 − 2mr, (43)
which one identifies with the structural function for the vacuum Schwarzschild solution.
Evaluating Ψ2 from (39), and S from (38) for Q(r) from (43), one gets
Ψ2(r) =
m
r3
, S(r) = 0.
Therefore, for regularity in the limit as r approaches to 0, the mass m has to be equated to
zero. This function Q(r), (43) with m = 0, as r → 0, behaves as the flat metric function
Q(r) = r2, lim
r→0
{Q, Q˙, Q¨} = {0, 0, 2}. (44)
Moreover, one may analyze the equation (40) for the function Q(r), for small r, from point
of view of the series expansion of the curvature R, i.e., for its zero order leading term R(0),
namely
r2R(0) ≃ 2− Q¨. (45)
Integrating (45), taking into account that Q(0) = 0, one gets
Q(r) ≃ r2 − 2mr − R(0)
12
r4, as r → 0, (46)
which is a Kottler–like metric function; the proper Kottler function QK = r
2−2mr−Λr4/3
arises from (46) for R(0) = 4Λ.
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Evaluating Ψ2 from (39), and S from (38) for Q(r) from (46), one gets
Ψ2 ≃ m
r3
, S ≃ 0.
For a finite behavior of Ψ2, and of the structural function gtt = −Q(r)/r2, the “Schwarzschild
mass” m has to vanish.
Consequently, from the geometrical point of view based on the metric structure, the
regularity of the curvature invariants at the center, limr→0{S,Ψ2, R} = {S(0), 0, (0, R(0))},
requires necessarily that the metric function Q has to fulfill the conditions
lim
r→0
{Q, Q˙, Q¨} = {0, 0, 2}. (47)
On the other hand, from the perspective of the electrodynamics, the remaining equations
are related to the field quantities, namely, the electric field equation
r2FrtLF = −q0, (48)
and the traceless Ricci tensor invariant S, related to the field F through S(F),
S = −FLF , (49)
which leads, via the field equation (48), to
2r2S = −q0Frt =: −E . (50)
From this last relation it is clear that E and S, as series expansions, ought to obey
E(r) ≃ E2r2 + E3r3 + ..., S(r) ≃ −E2
2
− E3
2
r + ..., (51)
for the regularity of S as r → 0, otherwise, if E0 6= 0 6= E1, then
S ≃ − E0
2r2
− E1
2r
− E2
2
+ ...,
hence limr→0 S →∞ as r → 0.
Therefore, for finite S at 0, one has to have S (0) = −E2/2, and limr→0 E = 0,
lim
r→0
{E , E˙, E¨} = {0, 0, 2E2} = {0, 0,−4S(0)},
17
as r approaches to zero.
On the other hand, there is still the invariant electric trace–scalar curvature relation
R(r) = 4Λ + 4L+ 4S . (52)
For regular solutions, the invariant curvature R ought to be finite at the origin: limr→0 R =
R(0), i.e., a finite quantity (FQ), hence from (52) one gets
lim
r→0
R(r) = R(0) = 4Λ + 4 lim
r→0
L+ 4 lim
r→0
S (r). (53)
For finite L one has two possibilities: a finite quantity
lim
r→0
L = L(0), (54)
which contributes to Q(r) with an additional Λ–term, or
lim
r→0
L = 0.
The class of regular electric fields at the center, with a zero scalar curvature R(0) = 0 or an
effective cosmological constant
R(0) = 4Λ + 4L(0), (55)
is determined by the vanishing of
lim
r→0
S(r) = 0 = S(0)⇒ E2 = 0, (56)
where the last relation arises from the series expansions (51). Consequently, the regularity
of the curvature quantities at the center limr→0{Ψ2, S, R} = {0, 0, (0, 4Λ + 4L(0))} takes
place if and only if
lim
r→0
{Q, Q˙, Q¨} = {0, 0, 2}, (57)
together with
lim
r→0
{E , E˙ , E¨} = {0, 0, 0}. (58)
It is important to notice the crucial role played by the relation S(E), (50), and the series
expansions (51) in the determination of the regularity conditions, which sent the relation
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S(F), (49), to occupy an irrelevant secondary place; the relation S(F), (49), does not
contribute directly to the establishing of the regularity conditions. Some authors used both
equations simultaneously to derive the searched regularity conditions, this procedure may
lead to inconsistencies.
Isolating the gradient LF from the electric field equation (48) one gets
LF = − q0
r2Frt
, (59)
which is reciprocal to the electric field Frt, divided additionally by r
2, consequently this
gradient behaves, at the center, inversely to S(E), divided by r4.
Thus for regular at the center solutions, for which the electric field allows a series expansion
beginning from Frt ≃ F3r3+i + ..., i = 0, 1, ..., the order of the leading terms of the related
quantities is S ≈ r1+i + ..., and LF ≈ r−5−i + ..., which determines the rate at which LF
approaches to infinity, although S approaches to zero.
VI. REGULARITY CONDITIONS FOR ELECTRICALLY CHARGED SSS MET-
RICS FROM LINEAR INTEGRAL SOLUTIONS Q(E)
A. Curvature invariants for the general metric function Q(E)
The general solution Q(r) (25) of the Einstein–NLE equations derived via variations of
parameters for a given electric field E(r) := q0Frt(r) is given as
Q = r2 − 2mr − Λe
3
r4 − 2
3
r4
∫ E
r3
dr +
2
3
r
∫
Edr. (60)
Evaluating the curvature invariants S, Ψ2, and R one arrives correspondingly at the following
curvature invariants
S = −1
2
E (r)
r2
,
Ψ2 =
m
r3
+
1
6
E (r)
r2
− 1
3r3
∫
E (r) dr,
R = 4Λe + 2
E (r)
r2
+ 8
∫ E (r)
r3
dr. (61)
As we pointed out before, the constant m corresponds to the “Schwarzschild mass”; for
regular metrics it has to be equated to zero.
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The integrals can be considered as indefinite ones, or as definite integrals in the limits
from 0 to r. Therefore the curvature invariants of massless SSS electrically charged NLE
metrics can be given as
S = −1
2
E (r)
r2
,
Ψ2 =
1
6
E (r)
r2
− 1
3r3
∫
0
r
E (r) dr,
R = 4Λe + 2
E (r)
r2
+ 8
∫
0
rE (r)
r3
dr. (62)
B. Necessary regularity conditions
The regularity of SSS electric NLE solutions in its Q(E) representation is achieved
by establishing the regularity conditions for the Riemannian curvature invariants
{Ψ2(r), S(r), R(r)}, (62), at the center.
The relation between S and E , (62), which can be written as
E(r) = −2r2 S(r), (63)
can be thought of as the series expansion of E near the center with leading term proportional
to r2, with regular (near the origin) invariant S(r), equal to S(0), i.e.,
E(r) ≃ −2r2 S(0) + ..., lim
r→0
S(r) = S(0), as r → 0, (64)
and consequently at the center E(0) = 0; from the above relation one gets: E˙ ≃ −4r S(0),
E¨ ≃ −4S(0), therefore
lim
r→0
{E , E˙, E¨} = {0, 0,−4S(0)}. (65)
Moreover, in this r2–leading term approximation of E , the evaluation of the invariant scalar
curvature leads to
R(r) ≃ 4(Λe − S(r))− 16S(0) ln(r), (66)
hence to avoid the infinite logarithmical singularity at the center, S(0) ought to vanish,
S(0) = 0. This is a quite remarkable result, the traceless Ricci tensor eigenvalue for regular
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electric SSS–NLE solutions has to vanish at the center:
S(0) = 0⇒ lim
r→0
S(r) = 0
⇒ lim
r→0
E = 0, lim
r→0
{E , E˙ , E¨} = {0, 0, 0}. (67)
Notice that in the r2–leading term approximation of E the Weyl invariant Ψ2 leads to
Ψ2(r) ≃ −1
9
S(0)⇒ Ψ2(0) = 0. (68)
On the other hand, the Lagrangian from (26), in the r2–leading term expansion of E , becomes
L(r) ≃ L(0)− 2
∫
S(0)
r
dr − S(0)
= L(0)− (2 ln(r) + 1)S(0), lim
r→0
L(r) = L(0), (69)
where L(0) is a constant, associated to the local energy density µ(0) defined in the weak
and dominant energy conditions.
Therefore, the quadratic curvature invariants are regular at the center if
lim
r→0
{E , E˙ , E¨} = {0, 0, 0}. (70)
Another alternative way of establishing the behavior of Ψ2 and R at the center is by
means of their integral representation (62). The regularity at the center of Ψ2 leads to
lim
r→0
(Ψ2 +
1
3
S) = − lim
r→0
(
1
3r3
∫
0
r
E (r) dr)
≃ −1
3
FQ′
⇒ lim
r→0
∫
0
r
E (r) dr ≃ FQ′ r3, (71)
which, by differentiation or via the mean value theorem (with a different coefficient of pro-
portionality), near the center gives rise to
E (r) ≃ 3FQ′ r2, as r → 0, (72)
which can be thought of from the series expansion point of view. The substitution of this E
into the scalar R from (62) yields
R(r) ≃ 4(Λe − S(r)) + 24FQ′ ln(r), (73)
which is finite if FQ′ = 0, which in turn implies, from (72), that E → 0, hence
FQ′ = 0, E → 0, E ≃ E3r3 + ..., (74)
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consequently
lim
r→0
S → 0, lim
r→0
R = 4Λe, lim
r→0
Ψ2 → 0. (75)
Thus, the regularity of S, Ψ2, and R at the center takes place for the series expansion for E
(74). For the series E ≃ E3r3 + ...,
lim
r→0
(
1
3r3
∫
0
r
E (r) dr)→ 0, lim
r→0
∫
0
r
E (r) dr → 0, (76)
are well behaved at the origin.
C. Sufficient regularity conditions
On the other hand, let us assume for a moment that the above conditions are the neces-
sary ones but not the sufficient ones for solution’s regularity at the center; in the previous
subsection from the regularity requirements imposed on the curvature invariants of a SSS
solution were established conditions (47) for regularity at the center.
To show that the conditions (47) are sufficient conditions for regularity, we shall use the
massless solution representation (60) of the metric function Q, which fulfills Einstein-NLE
equations in the form (24). This function and its first and second derivatives are
Q = r2 − Λe
3
r4 − 2
3
r4
∫
0
rE
r3
dr +
2
3
r
∫
0
r
Edr,
Q˙ = 2r − 4Λe
3
r3 − 8
3
r3
∫
0
rE
r3
dr +
2
3
∫
0
r
Edr,
Q¨ = 2− 4Λe r2 − 8 r2
∫
0
rE
r3
dr − 2E , (77)
Evaluating them at the center as r → 0, taking into account that ∫00f(x)dx = 0 together
with the finite character of the integral
∫
0
rE/r3 dr, in the series expansion E ≃ E3r3 + ...,
E2 = 0, one gets
Q(0) = 0, Q˙(0) = 0,
Q¨(0) = 2− 2E(0). (78)
In order to have Q¨(0) = 2, one has to set E(0) = q0Frt(0) = 0, which is compatible with
E ≃ E3r3 + ... at zero, or, limr→0{E , E˙ , E¨} = {0, 0, 0}. Therefore, we established that the
conditions limr→0{Q, Q˙, Q¨} = {0, 0, 2} have to hold too.
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Recall that the r2–term has to be present in the metric function Q = r2 + ... to guaranty
the Lorentzian character, diag(1, 1, 1,−1), of the metric line element.
These results can be gathered in the form of a theorem:
The Einstein–NLE theory allows for electric SSS solutions with regular curvature invariants
at the origin limr→0{S,Ψ2, R} = {0, 0, (0, 4Λ+4L(0)} if and only if the following regularity
conditions at the center hold:
lim
r→0
{E , E˙ , E¨} = {0, 0, 0},
lim
r→0
{Q, Q˙, Q¨} = {0, 0, 2}. (79)
As a consequences of these conditions, one gets
lim
r→0
{Frt, F ,FLF ,L} = {0, 0, 0,L(0)}. (80)
Regular nonlinear electrodynamics electric static spherically symmetric solutions approach
to the flat or conformally flat dS–AdS (regular) spacetimes at the center.
From the remaining independent electric field equation, one establishes
LF = − q0
r2Frt
⇒ lim
r→0
LF →∞, (81)
at the center. Notice that equation S = −F LF , yields
lim
r→0
S = − lim
r→0
(F LF) = 0,
although the limit of each term behaves opposite one to another; limr→0 F = 0 and
limr→0 LF =∞; the limit of S has to be considered as a whole. A similar situation happens
in the classical limit limr→0
sin(r)
r
which, as an entity, gives 1, limr→0
sin(r)
r
= 1, but with
term by term limits: limr→0 sin(r) = 0, and limr→0
1
r
→∞.
VII. SSS SOLUTIONS FOR A POLYNOMIAL E = q0 Frt FIELD
Let us consider the class of solutions determined by the field component Frt of the fol-
lowing polynomial form
E = q0 Frt = f0 + f1 r + f2 r2 + f3 r3 + r4
n∑
0
pi r
i, (82)
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named usually “interpolation polynomial” in the approximation method of integration,
where pi are constants that may assume even the value 0. One may consider (82) also as
a Taylor series expansion up to certain order n + 4; for pi ≡ 0, q0 Frt from (82) becomes
a cubic solution or a series expansion up to the third order. By means of this polynomial
function we intent to answer the question: which are the powers rk in Frt for which the
curvature regularity fails?
The function Q(r), using the general solution (77) for the given field E (82), amounts to
Q(r) = r2 + f0 r
2 + f1 r
3 − 1
2
f3 r
5 − 2mr − Λer4/3
−2
3
f2 r
4 ln (r)− 2 r6
n∑
0
pi
(i+ 2)(i+ 5)
ri. (83)
Evaluating the curvature invariants (61) and the Lagrangian L from (26), with Λe = Λ+L(0),
one gets
2S = −f0
r2
− f1
r
− f2 − f3r − r2
n∑
0
pi r
i,
R = 4Λe − 2f0
r2
− 6f1
r
+
14
3
f2 + 8 f2 ln (r)
+10 f3r + 2r
2
n∑
0
i+ 6
i+ 2
pi r
i,
Ψ2 =
m
r3
+
f2
18
+
f3
12
r − 1
6
f0
r2
+
r2
6
n∑
0
i+ 3
i+ 5
pi r
i,
L = L(0) + 5
3
f2 + 2 f2 ln (r)− f1
r
+ 3 f3 r
+r2
n∑
0
i+ 4
i+ 2
pi r
i. (84)
This set of functions characterizes completely the SSS metric for a polynomial Frt function L(0)
OK
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of the Einstein–electrically charged NLE: this metric is endowed with mass, cosmological
constant and a set of electric parameters associated to the nonlinearity of the electrodynam-
ics. In general, this solution is singular at the center due to the presence of logarithmical
functions, and terms proportional to 1/r, and 1/r2 in curvature functions.
A. Regularity
One may consider the above expression (83) for Q as the solution for the series expansion
near the origin of a well behaved field function Frt. To avoid infinities in the curvature
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quantities, it is clear that f2 ought to vanish in order to drop out the terms with ln(r), the
mass term with m, as well as f0, have to vanish in order to regularize Ψ2, moreover f1 has
to be zero for the regularity of S and L too. Therefore, this NLE solution becomes a regular
one if
{f0, f1, f2} = {0, 0, 0} ≡ lim
r→0
{E , E˙, E¨} = {0, 0, 0}. (85)
Hence the field Frt becomes a polynomial of power equal or greater than 3. This NLE regular
solution is given by
q0Frt = f3 r
3 + r4
n∑
0
pi r
i,
Q(r) = r2 − Λe r4/3− 1
2
f3 r
5
−2 r6
n∑
0
pi
(i+ 2)(i+ 5)
ri, (86)
with invariant functions
2S = −f3 r − r2
n∑
0
pi r
i,
R = 4Λe + 10 f3r + 2r
2
n∑
0
i+ 6
i+ 2
pi r
i,
Ψ2 =
f3
12
r +
r2
6
n∑
0
i+ 3
i+ 5
pi r
i,
L = L(0) + 3 f3 r + r2
n∑
0
i+ 4
i+ 2
pi r
i. (87)
Incidentally, from this series expansion point of view, one can establish the expansion be-
havior of the gradient LF = −q0/Frt/r2, appearing in S = −FLF . For an expansion
Frt ≃ rk +O(rk+1), at the center, one gets
Frt ≃ rk ⇒ LF ≃ r−k−2, S ≃ rk+2. (88)
For regular solutions, with an electric field Frt with r
3+i–leading term expansion, i = 0, 1...,
one has
Frt ≃ r3+i ⇒ LF ≃ r−5−i, S ≃ r1+i. (89)
At the center, the behavior of the metric function Q(r) and the electric field E = q0Frt and
their first and second derivatives is
lim
r→0
{Q, Q˙, Q¨} = {0, 0, 2},
lim
r→0
{E , E˙ , E¨} = {q0f0, q0f1, q0f2} = {0, 0, 0}.
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Thus, at the center r = 0, the gravitational field gµν reduces to the corresponding one of the
flat or (A)dS–like metric ( if a Λe–term is present), which is in fact the expected flat–(A)dS
spacetime limit
Q(r) = r2 − Λer4/3, gtt = −Q(r)/r2,
R = 4Λe, Ψ2(0) = 0, S(0) = 0. (90)
VIII. MAXWELL ASYMPTOTIC AT INFINITY
In the Maxwell theory the only SSS electric solution is Reissner–Nordstro¨m (RN) space-
time determined by a single component Frt = −q0/r2, hence F = −q20/(2r4) = L in the
whole spacetime, with all its curvature invariants singular at the origin.
The Einstein–NLE electric solutions allowing for a Maxwell weak field limit (small) F ,
{L → F , LF → 1}, reduce to the Reissner–Nordstro¨m (RN) spacetime.
Let us analyze in detail the content of the equation (17); at spatial infinity r → ∞, the
Einstein–Maxwell asymptotic solution should be the Reissner–Norstro¨m solution, deter-
mined by F = −F 2rt/2, as Frt approaches to −q0/r2, for short Frt → −q0/r2, which substi-
tuted in the equation (17) gives
r2 FrtLF = −q0 ⇒ LF → 1⇒ L→ F ,
i.e., (17) gives rise to the correct Maxwell linear condition. On the other hand, assuming
the limiting Maxwell character of the electrodynamics, LF → 1, from (17) one gets
r2 FrtLF = −q0 ⇒ Frt → −q0/r2,
i.e., one arrives at the electric field for a central charge in the Maxwell theory. There-
fore, there is a subclass of electric SSS metrics that approaches to the Maxwell Reissner–
Nordstro¨m electric solution at infinity. These solutions exhibit at infinity the Maxwell
asymptotic (L → F ,LF → 1 for weak field F), together with the Maxwell field limits:
Frt → −q0/r2, F → −q20/(2r4).
Incidentally, as far as to electrically charged SSS solutions to Einstein–NLE equations allow-
ing for Maxwell asymptotic at the center, there is a “no–go” theorem by Bronnikov [34] that
asserts the charge has to be zero, i.e., there is no such a kind of solutions. The demonstration
is quite elementary: assume that the Maxwell asymptotic (L → 0,LF → 1 as F → 0) holds
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at the center, using these conditions in the electric field equation (17), r2 LF Frt = −q0, one
arrives at
lim
r→0
(
r2LF Frt
)
= −q0,
lim r2 × lim (LFFrt) = −q0, as r → 0,
⇒ 0 × lim (LFFrt) = −q0 ⇒ q0 = 0, (91)
thus one gets that the charge is zero. Consequently, the electric field equation (17), for
q0 = 0, leads to
r2 LF Ftr = 0⇒ Ftr = 0⇒ F = 0, for all r . (92)
The absence of the electric fields, for a vanishing electric charge constant q0, in the whole
SSS spacetime is an expected and non–surprising at all result pointing on the no existence of
NLE, for L(F), under the Maxwell asymptotic for a SSS spacetime with a regular center; in
such a case the SSS metric becomes the flat or vacuum with a cosmological term spacetime.
IX. WEAK AND DOMINANT ENERGY CONDITIONS FOR ELECTRICALLY
CHARGED NLE SSS METRICS
In this section the relation between the value at the origin of the Lagrangian L and the
energy density µ is established, namely L(0) = µ(0). Following Hawking and Ellis (HE) [13],
in a real universe it is practically impossible to establish all the energy-momentum (EM)
tensors, contributing to the Einstein theory. Nevertheless, one can impose certain physically
acceptable conditions–inequalities–on the EM tensor, see HE [13], §4.3, where one reads “In
many circumstances these (conditions) are sufficient to prove the occurrence of singularities,
independent of the exact form of the energy–momentum tensor.”
Weak energy condition (WEC): for any timelike vector V a, VaV
a = −1, the energy–
momentum (EM) tensor Tab obeys the inequality TabV
aV b ≥ 0, which means that local
energy density TabV
aV b ≥ 0 as measured by any observer with timelike vector V a is a
non–negative quantity. The component of the Tab are defined with respect to an orthonor-
mal basis {E1, E2, E2, E4}, where E4 is timelike unit vector, and the HE type I EM tensor
with respect to this basis is diagonal. On this respect in [29] § 5.3 one reads: “For energy–
momentum tensors of the Segre–Pleban´ski type [111, 1] ≃ [S1 − S2 − S3 − T ](1111) (and its
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degeneracies) Tab can be diagonalized Tab = (p1, p2, p3, µ)” and their components satisfy the
weak energy conditions if:
µ = T 44 ≥ 0, µ+ pk ≥ 0, k = 1, 2, 3, (93)
or a more restrictive dominant energy condition (DEC): for any timelike vector W a, the
energy–momentum tensor Tab obeys the inequality TabW
aW b ≥ 0 and the local energy flow
vector TabW
a is a non–spacelike vector. For type I EM tensors the dominant energy condition
can be thought of as the WEC with the additional requirement that the pressure should no
exceed the energy density. This condition leads to
µ = T 44 ≥ 0, µ+ pk ≥ 0, µ− pk ≥ 0, k = 1, 2, 3, (94)
which points on the fact that the energy dominates the other components of Tab
T 44 ≥ |T ab|, for each a,b. (95)
This type, type I in HE wording, of energy–momentum tensors
T ab = p1δ
a
1δ
1
b + p2δ
a
2δ
2
b + p3δ
a
3δ
3
b − µδa4δ4b, (96)
describes fluids, and its sub–types describe non–null electromagnetic fields, perfect fluids,
cosmological Λ–terms, among others. In the case of nonlinear electrodynamics for SSS
metrics, the electrodynamics EM tensor, for L = L(F), amounts to
(T ab) = diag(−L,−L,−(L+ 2S),−(L+ 2S)), S = −F LF . (97)
Therefore, comparing (96) with (97), one gets
Pθ = Pφ = −L, Pr = − (L+ 2S) ,
µ(r) = L − 2F LF = L+ 2S, µ(r) + Pr(r) = 0. (98)
In accordance with the weak–dominant energy conditions, one arrives for NLE at the fol-
lowing relations:
µ = L − 2FLF ≥ 0, ⇒ L(F) ≥ 2FLF ,
lim
r→0
µ = lim
r→0
L+ 2 lim
r→0
S = L(0), lim
r→0
S = S(0) = 0,
⇒ µ(0) = L(0) ≥ 0, (99)
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µ+ Pφ = −2F LF ≥ 0; sinceF ≤ 0, then LF ≥ 0,
lim
r→0
(µ+ Pφ) = lim
r→0
(−2F LF ) = 2 lim
r→0
S = 0, (100)
µ− Pφ = 2L+ 2S, lim
→0
(µ− Pφ) = 2L(0) ≥ 0,
µ− Pr = 2L+ 2S, lim
r→0
(µ− Pr) = 2L(0) ≥ 0. (101)
On the other hand, from the Einstein equations, one may derive the conservation equation
for the EM tensor T µν ;µ = 0; the Einstein–NLE SSS equations (21) can be written in the
HE fluid language as
Ett ;
Q˙
r3
− Q
r4
− 1
r2
+ Λ = −µ(r),
Eφφ :
Q¨
2 r2
− Q˙
r3
+
Q
r4
+ Λ = Pφ. (102)
Isolating the derivative Q˙ from Ett and substituting it into the equation E
φ
φ one arrives at
the conservation equation in the form
µ+
r
2
dµ
dr
= −L = −Pφ, (103)
which leads to
0 ≤ µ+ Pφ = −r
2
dµ
dr
⇒ dµ
dr
≤ 0. (104)
Consequently, for physically reasonable NLE theories L(F), the curve µ(r)(= L−2F LF) ≥
0 has to be a decreasing function (it has a negative slop) from a maximal value at r = 0,
µ(0) = L(0) ≥ 0, which represents the maximal value of the local energy density µ at the
origin. This condition µ(0) = L(0) ≥ 0 guarantees, taking into account limr→0 S(r) = 0, the
fulfilment of all remaining weak–dominant conditions.
As far as the behavior at the center of the EM tensor (97) is concerned one gets
lim
r→0
(T ab) = diag(−L(0),−L(0),−L(0),L(0)), (105)
which is a cosmological Λ–term [(111, 1)] ≃ [4T ](1) tensor type. Notice that the solution for
the Einstein equations (102), compatible with the EM tensor (105) as r → 0, is given by
the familiar Kottler–like metric function
Q = r2 − Λe
3
r4 ≡ r2 − Λ+ L(0)
3
r4. (106)
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Moreover, the relation energy–momentum trace–scalar curvature
R(r) = 4Λ + 4L(r) + 4S(r) = 4Λ + 2L(r) + 2µ(r) (107)
at the center leads to
R(0) = 4Λ + 4L(0),
when weak–dominant energy conditions hold.
X. LINEAR SUPERPOSITION OF SSS ELECTRIC SOLUTIONS OF THE
EINSTEIN–NLE EQUATIONS
Due to the linearity of the equations (24) one can decompose the metric function Q(r) =
QK +Q(E), where Q(E), responding to the field E , fulfils
DfQ(E) = −2r2E (r) , DLQ(E) = −2r4L(r), (108)
thus, for any given function Q(E) one determines a Lagrangian function L(E) and the
corresponding field component q0 Frt =: E . On the other hand, QK is the Kottler-like
function, responding to the vacuum– Λ–term equations,
DfQK = −2r2, DLQK = −2r4Λe,
QK = r
2 − 2mr − Λe
3
r4, Λe = Λ + L(0). (109)
Since these equations (108) depend linearly on the structural function Q(E) and its deriva-
tives, a linear superposition, with constants Ci, of metric functions Q(Ei), , where Ei :=
q0i Frti , no sum in i, is in order, QK +
∑
i CiQ(Ei). The arbitrarily given structural functions
Qi := Q(Ei), i = 1, ..., n, equipped with its own set of parameters pi = {pij, j = 1, ..., s},
yields, via their substitution into equations (108), a linear superposition of the Lagrangian
functions Li := L(Ei) and the electric fields Ei; the electric field equation
r2
dLi
dr
− dEi
dr
= 0, (110)
are fulfilled identically. This superposition property can be formulated as:
Theorem: In the framework of static spherically symmetric metrics coupled to electric
electrodynamics (linear and non-linear) and a cosmological constant, any given functions
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Qi(r) := Q(Ei), Ei := q0i Frti, no sum in i, gives rise, via the Einstein–NLE equations, to a
pair of NLE electromagnetic functions {Li, Ei}. Any linear superposition of functions Qi(r),
i = 1, ..., n, yields to a linear superposition of the corresponding Lagrangian functions Li
and the electromagnetic field functions Ei, fixed i; the Einstein–NLE electric field equation
are fulfilled identically: schematically
Eµν({Qi;L(Qi), E(Qi)}) = 0,
QT = QK +
∑
i
CiQi(r),
LT = L(0) +
∑
i
CiLi(r), ET =
∑
i
CiEi(r),
Eµν({QT ;LT , ET}) = 0, (111)
where QK is the vacuum plus Λe–term Kottler solution. The resulting solution will be
characterized by the curvature invariants ST =
∑
i CiSi, Ψ2T =
∑
i CiΨ2i, and RT = 4Λe +∑
iCiRi.
Notice that, in this formulation, the necessary metric term r2 to guarantee the signature
(1,1,1,-1), the optional mass −2mr, and the Λe–term appear only once through QK in the
superposed functions.
The spacetimes allowing for regular curvature invariants at the center can be thought of
as immersed in a dS–AdS or in a flat universe.
A. Linear superposition for the general Q(E) solution
Another perspective on linear superpositions of SSS solutions can be achieved from the
metric function Q(E), (25). The Q(E) function can be given in the form
Q(r) = QK − 2
3
r4
∫ E (r)
r3
dr +
2
3
r
∫
E (r) dr,
QK := r
2 − 2m r − Λe
3
r4, E := qeFtr(r). (112)
where the subscript K in the function QK stands for Kottler–like metric function [33]. For a
linear superposition of solutions, it is enough to accomplish the superposition of any number
of electric field functions Ei, i = 1, ..., n, each of them equipped with its own set of parameters
pik, k = 1, ..., s, if any. The integrals will generate new sets of functions endowed with the
set of constants {pik, i = 1, ..., n, k = 1, ..., s}. Consequently, symbolically one has:
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E = ∑i CiEi, Ej := qejFrtj , no sum in j,
Q(r) = QK +Q(E), QK := r2 − 2m r − Λe
3
r4,
Q(E) := Q
(∑
i
CiEi
)
=
∑
i
CiQ (Ei) ,
Q(Ei) := 2
3
r
∫
Eidr − 2
3
r4
∫ Ei
r3
dr,
(113)
with the associated Lagrangian
L = L(0) +∑
i
CiL(Ei), L(Ei) = Ei
r2
+ 2
∫ Ei (r)
r3
dr. (114)
XI. INTEGRALS OF THE SSS EULER EQUATIONS ASSOCIATED TO Ψ2 AND
L
The Einstein–NLE field equations for SSS metrics can be analyzed from the point of
view of Euler equations. In fact, beside the scalar curvature R, (34), these equations can be
written as
r2Q¨− 4r Q˙ + 4Q = −2r2 − 2r2q0 Frt (r) ,
r2Q¨− 2 rQ˙+ 2Q = −2r4Λ− 2r4L(r), sign minus ok
r2Q¨− 6 r Q˙+ 12Q = 2 r2 − 12 r4Ψ2(r), (115)
and can be integrated through the variation of parameters of the homogeneous solutions to
these Euler equations.
A. Solutions in terms of linear integrals of the Lagrangian function L
For instance, one may proceed with the Euler equation for the Lagrangian function and
derive
QL = QK + 2 r
∫
r2 L dr − 2 r2
∫
rL dr, (116)
which is accompanied with the electric field
q0Frt = r
2L − 2
∫
rL(r)dr = −2 r2 S, (117)
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and characterized by the Weyl curvature component
Ψ2 =
m
r3
− 1
r3
∫
r2 Ldr + 1
3r2
∫
rLdr + 1
6
L, (118)
and the scalar curvature R fulfilling R = 4Λ + 4L + 4S, in this last relation and in the
equations containing (indefinite) integral of L the evaluation at zero does not contribute
with L(0), it is present only in Λe = Λ + L(0).
B. Solutions in terms of linear integrals of the Weyl curvature component Ψ2
If one were searching for a spacetime with a specific behavior of the Weyl conformal tensor,
then one would integrate the third Euler equation with the Ψ2–term; the homogeneous
equation for Ψ2 possesses two independent solutions Q1 = r
4 and Q2 = r
3. Using the
method of variations of parameters, one gets
QΨ2 = r
2 + A0r
4 +B0 r
3
+r3
∫
12Ψ2dr − r4
∫
12Ψ2 /r dr. (119)
This metric function QΨ2 possesses the specific print of the given Weyl function Ψ2(r), which
is inherited to the spacetime itself via the evaluation of the remaining functions q0Frt ∼ S,
L, and R.
This approach can be considered as an alternative way to determine solutions with particular
properties. The case q0Frt ≃ S has been integrated previously and developed in detail here
in various paragraphs.
C. Analyticity of the field functions
The description of physically relevant fields is expected to be done by well–behaved
(analytical) functions. Nevertheless, if one has in mind the description of L(F), in general,
one may find troubles in expressing r = r(F), explicitly in terms of F , because of the
possible appearance of transcendent equations. In the case of “regular at the origin and
Maxwell at infinity” solutions, in general, the graph of Frt(r) begins from zero in the origin,
evolves (grows up or decreases), reaches its maxima and minima, and again, at spatial
infinity approaches (from above or below) to zero; the existence of a extremum, where
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dFrt/dr = 0, in the Frt(r) graph points on the appearance of a returning point or a cusp
in the parametric plot of L(F), the graph of L(F) corresponds then to a multiple–valued
relation. Nevertheless, this multiple–valued property of L(F) is not an impediment for the
existence of analytic, in their dependence on the variable r, gravitational–electric “regular at
the center and Maxwell at infinity” solutions. This lack of analyticity in the relation L(F)
is not worse than the infinity at the origin of the magnetic invariant Fm. Some remarks
about analyticity can be found in [34].
XII. MAGNETIC STATIC SPHERICALLY SYMMETRIC METRICS
All SSS gravitational fields coupled to pure magnetic NLE possess a common field with
component Fθφ = h0 sin θ and a singular at the origin magnetic field invariant of the form
2Fm = h20/r4; therefore one should strictly call the Einstein–NLE magnetic solutions sin-
gular ones, nevertheless the associated gravitational field may show a regular behavior of
the curvature invariants, thus one may have solutions with a singular behavior in the mag-
netic field invariant but a regular behavior in the curvature invariants, i.e., semi regular or
singular–regular hybrid. Moreover, any magnetic solution to NLE, is determined by a single
first order differential equation for Q(r) arising from the Ett equation (21)
L (r) = 1
r2
+
Q
r4
− Q˙
r3
− Λ, integrating,
Q(r) = QK +Q(L), QK = r2 − 2mr − Λ
3
r4,
Q(L) := −r
∫
r2L (r) dr, (120)
characterized by
S(12) = −r
4
dL
dr
, Ψ2 = Ψ2(33),
R = 4L − 4LFFm + 4Λ = 4L+ rdL
dr
+ 4Λ,
Fm = h
2
0
2r4
, LF = −dL
dr
r5
2h20
. (121)
The substitution of L from (120) into the right hand side of S(12) in (121) yields the identity
S(12) = S(12). The regularity of Ψ2 (33), and R (34) for the magnetic metric requires
lim
r→0
{Q, Q˙, Q¨} = {0, 0, 2}, (122)
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for zero “mass” m. For the regularity of S, and R(121) at r = 0, one has to establish the
regular behavior of rdL/dr and L at the origin, namely
lim
r→0
{L, r dL
dr
} = {FQ, FQ′}. (123)
Under the fulfilling of the conditions (122) and (123), one may consider that a magnetic
solution at the center approaches to the flat or (A)dS spacetimes, although one has to recall
the singularity of the magnetic field invariant Fm there. Magnetic SSS solutions to Einstein–
NLE equations, in the H(P ;Q)–formulation, has been studied previously by Bronnikov [34].
A. Linear superposition of SSS magnetic solutions of the Einstein–NLE equations
Since in the magnetic case, the single Einstein–NLE equation on L (120) depends linearly
on the structural function Q(r) and its derivatives, the linear superposition of SSS magnetic
solutions Qi holds too; for each solution Qi, equipped with its own set of parameters pi =
{pik, i = 1, ..., n, k = 1, ..., s}, one determines Li for a common magnetic field Fθφ = h0 sin θ.
The linear superposition of Qi(r) gives rise to a new enlarged total solution QT =
∑
i CiQi
such that LT = ∑i Ci Li, characterized by the curvature invariants ST = ∑i CiSi, Ψ2T =∑
iCiΨ2i, and RT =
∑
i CiRi. Of course, one may consider that a Lagrangian function L(r)
is given, and one integrates for Q(r); in this way the superposition of Li, ∑i CiLi, leads the
superposition
∑
i CiQi.
XIII. FINAL REMARKS
Summarizing the achievements of the present work devoted to static spherically sym-
metric spacetimes with nonlinear electrodynamics sources, we can mention, among others,
the general linear integral representation of the structural function Q(r) through arbitrary
given electric fields E := q0Frt. Another important result is the determination of the four
Riemann quadratic invariants, according to the definitions of [28] and [32], for a SSS Petrov
type D spacetime coupled to Segre type [(1, 1)(11)] NLE, through three (first degree Rie-
mannian) curvature invariants, namely, the Weyl tensor matrix eigenvalue Ψ2, the traceless
Ricci tensor matrix eigenvalue S, and the curvature scalar R. These three invariant func-
tions depend linearly on the single metric function Q(r) = −r2gtt and its first and second
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order derivatives. Because of their general character, they constitute an efficient tool for the
full characterization of the curvature properties of classes of spacetimes; on the contrary, the
single Kretschmann quadratic invariant, RαβγδR
αβγδ, one of the four Riemannian invariants,
which, in the studied case is the sum of squares of Ψ2,S, and R, in any case, will provide
only partial information on this respect. The regularity conditions, i.e., the requirements
for the absence of singularity of those mentioned curvature invariants at the center have
been established: the Einstein–NLE theory allows for regular electric SSS solutions with
regular curvature invariants at the origin limr→0{S,Ψ2, R} = {0, 0, (0, 4Λ + 4L(0))} if and
only if the following regularity conditions at the center hold:limr→0{Q, Q˙, Q¨} = {0, 0, 2},
and limr→0{E , E˙, E¨} = {0, 0, 0}, E := q0Frt, see details in (VI); necessary (VIB), and suf-
ficient (VIC). Hence, regular NLE SSS solutions approach to the conformally flat dS–AdS
or flat spacetimes regular at the center. From the weak–dominant energy conditions IX,
the inequalities that have to be fulfilled for physically reasonable NLE fields are established;
among them the Lagrangian function–energy density relation: µ(r) = L(r)− 2FLF , which
at the center yields µ(0) = L(0) ≥ 0, for acceptable physical solutions.
Next, the linear superposition properties of electrically charged solutions have been estab-
lished, X: for static spherically symmetric electric metrics coupled to NLE and a cosmological
constant, any linear superposition of metric functions Qi(r) := Q(Ei) yields to the linear
superpositions of Lagrangian functions Li = L(Qi) and the corresponding electromagnetic
field functions Ei; = q0iFyti, no
∑
in i, which, in turn, will be solutions of the Einstein–
electrodynamics field equations too. This property can be extended to the pure magnetic
NLE SSS metrics, having in mind that the magnetic field Fθ φ = h0 sin θ is sheared by all
magnetic spacetimes.
Moreover, in the electrically charged case, since the invariant functions Ψ2, r
2S = −q0Frt/2,
and L are described by Euler equations for the metric function Q(r), then, in general, one can
determine NLE SSS solutions with preestablished properties of those functions, for instance,
the metric for a particular Weyl curvature structure Ψ2, see XI (119).
Although black holes have been discovered and described theoretically more than half
a century ago, it has been only until recently that they have been experimentally found
indirectly on September 14, 2015. The Laser Interferometer Gravitational–Wave Observa-
tory (LIGO) detected the gravitational wave GW150914,(LIGO Virgo collaboration) [35],
emitted by a binary system of rotating black holes many thousand light years ago; this first
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wave detection showed indirectly the existence of spinning black holes. New investigations
in experimental black hole physics have been undertaken since that discovery. The list of
publications since that date is quite large, in this respect, we cite some articles published
recently in Physical Review Letters:
Clovecko et al. [36] used “ the spin–precession waves propagating on the background of the
spin super–currents between two Bose–Einstein condensates of magnons... as an experimen-
tal tool simulating the properties of the black–and white–hole horizons.”
Hughes et al. [37] studied “...the coalescence of two black holes which generates gravitational
waves that carry detailed information about the properties of those black holes and their
binary configuration.”
Nair et al. [38] presented “...a study of whether the gravitational–wave events detected so
far by the LIGO–Virgo scientific collaborations can be used to probe higher-curvature cor-
rections to general relativity.”
Yang et al. [39] showed “...that if migration traps develop in the accretion disks of active
galactic nuclei (AGNs) and promote the mergers of their captive black holes, the majority of
black holes within disks will undergo hierarchical mergers-with one of the black holes being
the remnant of a previous merger.”
Pook et al. [40] found “...strong numerical evidence for a new phenomenon in a binary
black hole spacetime, namely, the merger of marginally outer trapped surfaces (MOTSs).
By simulating the head-on collision of two nonspinning unequal mass black holes, we observe
that the MOTS associated with the final black hole merges with the two initially disjoint
surfaces corresponding to the two initial black holes.”
Baumgarte et al. [41] “...numerically investigated the threshold of black-hole formation in
the gravitational collapse of electromagnetic waves in axisymmetry.”
Coates et al. [42] studied “ ...black hole area quantization in the context of gravitational
wave physics.”
Abbott et al. (LIGO Scientific Collaboration and the Virgo Collaboration) [43] presented
“...a search for subsolar mass ultra–compact objects in data obtained during Advanced
LIGO’s second observing run. In contrast to a previous search of Advanced LIGO data
from the first observing run, this search includes the effects of component spin on the grav-
itational waveform.”
These reports show the wide spectrum of research themes in the area of detecting gravi-
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tational waves to confirm the existence of black holes in the Universe.
ACKNOWLEDGMENTS. GGC acknowledges the support of Consejo Nacional de Cien-
cia y Tecnolog´ıa (CONACYT) through a doctoral fellowship.
[1] A. A. Garcia-Diaz and G. Gutierrez-Cano, “Linear superposition of regular black hole solutions
of Einstein nonlinear electrodynamics,” Phys. Rev. D 100, 064068 (2019).
[2] K. Schwarzschild, “Uber das Gravitationsfeld eines Massenpunktens nach der Einsteinschen
Theorie,” Sitz. Preuss. Akad. Wiss. Berlin (Math. Phys. ) 1916, 189–196 (1916) , see [29]
§13.4.
[3] R. P. Kerr, “ Gravitational field of a sppining mass as an example of algebraically special
metrics,” Phys. Rev. Lett.11, 237 (1963), see [29] §18.5, § 21.1, § 25.5.
[4] H. Reissner, “Uber die Einsgengravitation des electrischen Feldes nach der Einsteinschen The-
orie,” Annalen Physics 50, 106 (1916), see [29] §13.4, §19.1.
[5] G. Nordstro¨m, “On the energy of the gravitational field in Einstein’s theory,” Pro. Kon. Ned.
Akad. Wet. 20, 1238 (1918), see [29] §13.4, §19.1.
[6] E. T. Newman, R. Couch, K. Chinnapared, A. Exton, A. Prakash and R. Torrence, “Metric
of a Rotating, Charged Mass,” J. Math. Phys. 6, 918 (1965).
[7] J. R. Oppenheimer, and H, Snyder, “On continued gravitational contraction,” Phys. Rev. 56,
455(1939).
[8] J. R. Oppenheimer, and G. Volkoff, “On massive neutron cores,” Phys. Rev. 55, 374 (1939).
[9] D. Finkelstein, “Past-Future Asymmetry of the Gravitational Field of a Point Particle,” Phys.
Rev. 110, 965 (1958).
[10] M. D. Kruskal, “Maximal extension of Schwarzschild metric,” Phys. Rev. 119, 1743 (1960).
[11] G. Szekeres, “On the singularities of a Riemannian manifold,” Publ. Math. Debrecen 7, 285
(1960).
[12] R. Penrose, and W. Rindler, Spinors and Space-Time. 2 Vols. (Cambridge University Press,
Cambridge, UK. 1986).
[13] S. W. Hawking, G. F. R. Ellis, The large scale structure of space-time,( Cambridge University
Press, Cambridge, UK. 1973).
[14] A. Z. Petrov Einstein spaces, Pergammon Press. 1969.
38
[15] J. F. Pleban´ski, “The algebraic structure of the tensor of matter,” Acta Phys. Polon. 26, 963
(1964).
[16] E. Ayo´n-Beato, and A. A. Garc´ıa, “Regular black hole in general relativity coupled to a
nonlinear electrodynamics,” Phys. Rev. Lett. 80, 5056 (1998).
[17] E. Ayo´n-Beato, and A. Garc´ıa, “ The Bardeen model as a nonlinear magnetic monopole,”
Phys. Lett. B493 149 (2000).
[18] J. M. Bardeen, “Non-singular general relativistic gravitational collapse,” in Proceedings of the
International Conference GR5,Tbilisi, U.S.S.R. (1968).
[19] M. Born and L. Infeld, “Foundations of a new field theory”, Proc.Roy.Soc.A 144, 125 (1934).
[20] J. Pleban´ski, Lectures on Non-linear Electrodynamics,(NORDITA, Copenhagen, 1970).
[21] H. Salazar, A. Garc´ıa, and J. F. Pleban´ski, “Type D solutions of the Einstein and Born–Infeld
nolinear electrodynamics equations,” Nuovo Cimento B84, 65 (1984).
[22] H. Salazar, A. Garc´ıa, and J. F. Pleban´ski, “Duality rotations and type D solutions to Einstein
equations with nonlinear electrodynamics sources,” J. Math. Phys. 28, 2171 (1987).
[23] H. S. (Salazar) Ibarguen, A., Garcia, and J. Plebanski, “Signals in nonlinear electrodynamics
invariant under duality rotations,” J. Math. Phys. 80,2689 (1988).
[24] E. Fradkin, and A. Tseytlin, “Nonlinear electrodynamics from quantized strings,” Phys. Lett.
B163, 123 (1985).
[25] G. W. Gibbons, and D. A. Rasheed, “Electric-magnetic duality rotations in non-linear elec-
trodynamics,” Nucl. Phys. B454, 185 (1995).
[26] T. Y. Thomas, The Differential Invariants of Gravitational Spaces ( Cambridge University
Press, Cambridge, U.K., 1934).
[27] S. Weinberg, Gravitation and Cosmology ( Wiley, New York 1972).
[28] E. Zakhary and C.B.G. McIntosh , “ A complete set of Riemann invariants,” Gen. Relativ.
Gravit. 29, 539 (1997).
[29] H. Stephani, D. Kramer, M. MacCallum, C. Honselaers, and E. Herlt, Exact solutions to
Einstein’s Field Equations, Second Edition ( Cambridge University Press, Cambridge, U.K.,
2003).
[30] A. Lichnerowicz, The´ories Relativistes de la Gravitation et de L’Electromagne´tisme, ( Masson
et Cie., Editeurs, Paris, 1955).
[31] K. Lake and P. Musgrave, “The regularity of static spherically symmetric, cylindrically sym-
39
metric and plane symmetric spacetimes at the origin,” Gen. Relativ. Gravit. 26, 217 (1994).
[32] R. Torres and F. Fayos, “On regular rotating black holes,” Gen. Relativ. Gravit. 49, 2 (2017).
[33] F. Kottler, “Uber die physikalischen Grundlagen Einsteinschen Gravitationstheorie,” Annalen
Physik, 56, 410 (1918).
[34] K. A. Bronnikov, “Regular magnetic black holes and monopoles from non linear electrody-
namics,” Phys. Rev D63, 044005 (2001).
[35] B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], “Tests of general relativity
with GW150914,” Phys. Rev. Lett. 116, 221101 (2016) Erratum: [Phys. Rev. Lett. 121,
129902 (2018)].
[36] B. M. Clovecko, E. Gao, M. Kupka, and P. Skyba, “Magnonic Analog of Black- and White-
Hole Horizons in Superfluid 3He,” Phys. Rev. Lett. 123, 161302 (2019).
[37] S. A. Hughes, A. Apte, G. Khanna, and H. Lim, “Learning about Black Hole Binaries from
their Ringdown Spectra” Phys. Rev. Lett. 123, 161101 (2019).
[38] R. Nair, S. Perkins, H. O. Silva, and N. Yunes, “ Fundamental Physics Implications for Higher-
Curvature Theories from Binary Black Hole Signals in the LIGO-Virgo Catalog GWTC-1”
Phys. Rev. Lett. 123, 191101 (2019).
[39] Y. Yang, I. Bartos, V. Gayathri, K.E.S. Ford, Z. Haiman, S. Klimenko, B. Kocsis, S. Ma´rka,
Z. Ma´rka, B. McKernan, and R. OShaughnessy, “Hierarchical Black Hole Mergers in Active
Galactic Nuclei” Phys. Rev. Lett. 123, 181101 (2019).
[40] D. Pook-Kolb, O. Birnholtz, B. Krishnan, and E. Schnetter, “Interior of a Binary Black Hole
Merger,” Phys. Rev. Lett. 123, 171102 (2019).
[41] T. W. Baumgarte, C. Gundlach, and D. Hilditch, “Critical Phenomena in the Gravitational
Collapse of Electromagnetic Waves,” Phys. Rev. Lett. 123, 171103 (2019).
[42] A. Coates, S. H. Vo¨lkel, and K. D. Kokkotas, “ Spectral Lines of Quantized, Spinning Black
Holes and their Astrophysical Relevance,” Phys. Rev. Lett. 123, 171104 (2019).
[43] B.P. Abbott et al. (LIGO Scientific Collaboration and the Virgo Collaboration), “Search for
Subsolar Mass Ultracompact Binaries in Advanced LIGOs Second Observing Run,” Phys.
Rev. Lett. 123, 161102 (2019).
[44] A linear second order equation
p(r)y¨ + q(r)y˙ + s(r)y(r) = f(r)
40
allows two independent homogeneous solutions y1(r) and y2(r), which determine the homo-
geneous solution yh = Ay1(r) + By2(r), the non homogeneous solution is sought in the form
ynh = A(r)y1(r) + B(r)y2(r), under the conditions A˙(r)y1(r) + B˙(r)y2(r) = 0, its substi-
tution into the non homogeneous equation yields A˙(r)y˙1(r) + B˙(r)y˙2(r) = f(r)/p(r), thus
A˙ = − f
p
y2
W (y1,y2)
and B˙ = f
p
y1
W (y1,y2)
, where W (y1, y2) = y1y˙2 − y˙1y2, integrating these equa-
tions one gets the non–homogeneous solution as
ynh = −y1
∫
f
p
y2
W (y1, y2)
dr + y2
∫
f
p
y1
W (y1, y2)
dr,
which, added to the homogeneous solution yh, with constants A and B, gives the general
solution.
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